This paper focuses on a new notion called the general exponential dichotomy on time scales, which is more general and contains as special cases most versions of dichotomies on the continuous systems and discrete systems. We establish the existence of parameter dependence of roughness for the general exponential dichotomy on time scales under sufficiently small linear perturbation. Moreover, we also show that the stable and unstable subspaces of general exponential dichotomies for the perturbed system are Lipschitz continuous for the parameters. MSC: 34N05; 34D09
Introduction
The notion of exponential dichotomies extends the idea of hyperbolicity from autonomous systems to nonautonomous systems and gives a direct sum of the stable and unstable subspaces for the splitting of the state space [, ] . The exponential dichotomy together with its variants and extensions has been widely studied and discussed and plays a central role in the study of the nonautonomous systems [-] . In particular, the roughness of dichotomies states that the behavior of a dichotomy does not change much under sufficiently small linear perturbations and has been extensively studied for the continuous systems [, , , , , -] and the discrete systems [, -].
The theory of dynamic equations on time scales, which originates from [, ] , is related not only to the set of real numbers (continuous systems) and the set of integers (discrete systems) but also to more general time scales (an arbitrary nonempty closed subset of the real numbers R) [, ] . The concept of exponential dichotomies on time scales is a very important method and tool to explore the dynamic behavior of nonautonomous dynamic systems on time scales [-]. However, we note that there exist various different notions of dichotomies and different kinds of dichotomic behavior in the continuous systems and the discrete systems. It is of great interest to look for more general types of dichotomies on time scales in order to unify the notions of dichotomies in the continuous and discrete case. The main novelty of our work is that we introduce a new notion called the general exponential dichotomy on time scales, which includes and extends the existing notions of dichotomies for the continuous systems and the discrete systems usually found in the literature. Moreover, we also discuss parameter dependence of roughness for ©2013 Zhang et al.;  licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited. http://www.advancesindifferenceequations.com/content/2013/1/339 the general exponential dichotomy on time scales under sufficiently small linear perturbation.
The content of this paper is as follows. In Section , we define a new notion called the general exponential dichotomy on time scales for the linear dynamical system on time scales. Then we establish the existence of parameter dependence of roughness for the general exponential dichotomy on time scales in Section . Particularly, the stable and unstable subspaces of general exponential dichotomies for the perturbed system are Lipschitz continuous for the parameters.
General exponential dichotomy on time scales
In this section, we first introduce some basic knowledge and definitions on time scales, which can be found in [, ] .
Let T be a time scale, i.e., an arbitrary nonempty closed subset of the real numbers R. σ : T → T is the forward jump operator of T and μ(t) = σ (t) -t is a graininess function. Throughout this paper, the time scale T is assumed to be unbounded above and below. C rd (T, R) denotes the set of rd-continuous functions g :
T} is the space of positively regressive functions. Define
for a given ω ∈ R + and for any t ∈ T, ϕ, ψ ∈ R + (T, R). For any ϕ ∈ R + (T, R), define the exponential function by
where Log is the principal logarithm.
Let
for any bounded function ϕ ∈ C rd (T, R) and define
Then we have Let (X, · ) be a Banach space and B(X) be the space of bounded linear operators defined on X. We consider the linear system on time scales
where A ∈ C rd (T, B(X)). Let T(t, s) be the evolution operator satisfying T(t, s)x(s) = x(t) for t, s ∈ T and any solution x(t) of system (.). Moreover, we also assume that T(t, t) =  and T(t, τ )T(τ , s) = T(t, s) for any t, τ , s ∈ T, which imply that T(t, s) is invertible.
Now we introduce a new notion called the general exponential dichotomy on time scales.
Definition . System (.) is said to admit a general exponential dichotomy on a time scale T if there exist projections P(t) such that
P(t)T(t, s) = T(t, s)P(s), t, s ∈ T,
and there exist a constant
hold and for s ≤ κ  ,
hold, where Q(t) = Id -P(t) is the complementary projection of P(t).
In order to facilitate the reader's understanding, we now consider some specific examples of general exponential dichotomies on different time scales.
If functions a, b are positive constants, then the general exponential dichotomy on time scales reduces to the exponential dichotomy (L  and L  are positive constants) [] by
and ε is a posi- 
If T = R + and η i , i = , , , are positive constants, then Definition . agrees with
Carrying out similar arguments as those in Example ., we conclude that the general exponential dichotomy on time scales includes the existing dichotomies for the linear discrete system as special cases such as the uniform exponential dichotomy We have μ(t) = h, κ  = κ  = . Let c be a positive constant and L  (t  , t  ) = L  (t  , t  ) = e c (t  , t  ). Then (.) and (.) reduce to
Example . Let T = q N  , q > , and let the functions a, b be positive constants, where
We get μ(t) = (q -)t and
, where c is a positive constant, then (.) reduces to
Parameter dependence of roughness
The section focuses on parameter dependence of roughness for the general exponential dichotomy on time scales under the sufficiently small linear perturbation. We consider the linear perturbed system
where
is an open subset of a Banach space (the parameter space). In the rest of the section, we let T λ (t, s) be the evolution operator associated to system (.) for each λ ∈ Y . To obtain our conclusion, we let
is increasing for the first variable and decreasing for the second variable and assume that the following conditions hold:
and
where λ, ν ∈ Y; http://www.advancesindifferenceequations.com/content/2013/1/339
Now we state our main result in this section.
hold with sufficiently small c. Then system (.) also admits a general exponential dichotomy on the time scale T, i.e., for each λ ∈ Y , there exist projections P λ (t) such that
where Q λ (t) = Id -P λ (t) are the complementary projections of P(t),
Moreover, if Y is a finite-dimensional space and T λ is Lipschitz continuous for the parameter λ, then the stable subspace P λ (X) and the unstable subspace Q λ (X) are Lipschitz continuous for the parameter λ.
The proof of Theorem . is nontrivial and is achieved in several steps: (i) construct some bounded solutions of perturbed system (.) (Lemmas ., .);
(ii) semigroup properties of the bounded solutions of system (.) (Lemma .); (iii) construction of the projections P λ in (.) (Lemmas ., . and (.)); (iv) norm bounds for the evolution operator T λ (Lemmas ., ., .); (v) P λ and Q λ are Lipschitz continuous for the parameter λ (Lemma .). We set
It is not difficult to show that (  , ·  ) and (  , ·  ) are both Banach spaces.
and U λ is Lipschitz continuous for the parameter λ.
Proof Direct calculation shows that U λ satisfying (.) is a solution of (.). For each λ ∈ Y , we define an operator J λ on  by
By (.), (.), (a  ) and (a  ), we have
for κ  ≤ s and
that is,
If c is sufficiently small, then J λ is a contraction and for each λ ∈ Y , there exists a unique
Next we show that U λ is Lipschitz continuous for the parameter λ. For any λ  , λ  ∈ Y , there exist bounded solutions U λ  , U λ  ∈  satisfying (.). It follows from (a  ) that
for s ≤ τ ≤ κ  . Moreover, we also have
The proof of the lemma is complete.
Similarly, we have the following lemma.
Lemma . For each λ ∈ Y , there exists a unique bounded solution V
and V λ is Lipschitz continuous for the parameter λ. http://www.advancesindifferenceequations.com/content/2013/1/339
Lemma . For each λ ∈ Y , the bounded solutions U λ and V λ of system (.) satisfy
Proof From (.), we get
Carrying out similar arguments to the proof of Lemma ., we have
 . This means that there exists a unique h λ ∈ l  such that Lh λ = h λ . On the other hand, we also note that  ∈ l  and L λ  = . Therefore, H λ = h λ = . Similarly, the second identity of (.) holds.
Now we construct the projections P λ (t) for each λ ∈ Y . We first set
Proof It follows from Lemma . that (b  ) and (b  ) hold. By (.) and (.), we get
which imply that (b  ) holds. By Lemma . and Lemma ., we have
Proof For each λ ∈ Y , combining (b  ) and (b  ) together gives
It follows from (.) and (.) that
Note that
which means that S λ (κ  ) is invertible if c is sufficiently small.
We set
for each λ ∈ Y and t ∈ T. It is not difficult to show that
Then P λ (t), Q λ (t) are projections and (.) is valid.
Lemma . We have
Proof We first prove that for each λ ∈ Y , if z λ (t) (t≥s) is a bounded solution of (.), then
A straightforward calculation shows that
It follows from (.), (.) and (.) that
We note that
which means that (.) holds.
and U λ (t, κ  ) are solutions of (.) with the same initial value U λ (κ  , κ  ). Then
is a bounded solution of (.) with the initial value z λ (s) = P λ (s)ξ since U λ (t, κ  ) is bounded for t ∈ T. It follows from (.) that
By (.), (.), (a  ) and (a  ), we get
for s ≤ κ  . Combining (.) and (.) together gives (.). Similarly, (.) holds.
Lemma . We have
Proof According to Lemma ., we get
By using (.), we obtain
On the other hand,
Then Im P λ (t) = Im P λ (t) and Im Q λ (t) = Im Q λ (t) since S λ (t) is invertible. It follows from Lemma . that
which yield the desired inequalities.
Lemma . For each λ ∈ Y , we have
(.) http://www.advancesindifferenceequations.com/content/2013/1/339
Proof For each λ ∈ Y and any ξ ∈ X, we set
It follows from Lemma . that z λ (t) (s≤t) and z λ (t) (t≤s) are bounded solutions of (.). Combining (.) and (.) together gives
Taking t = s leads to
By using Lemma . and (a  ), for κ  ≤ t, we have
and 
For t ≤ κ  , we get
Then Q(t) P λ (t) ≤ K Kc P λ (t) (M  + M  ) and
For κ  ≤ t, one has P λ (t) ≤ P λ (t) -P(t) + P(t) = P λ (t) -P(t) P λ (t) -P(t) + P(t) P λ (t) + P(t) = Q(t) P λ (t) -P(t) Q λ (t) + P(t) ≤ Q(t) P λ (t) + P(t) Q λ (t) + P(t) 
Similarly, (.) holds for t ≤ κ  .
It follows from Lemma . and Lemma . that (.) and (.) hold. Next we show that the stable subspace P λ (X) and the unstable subspace Q λ (X) are Lipschitz continuous for the parameter λ.
Lemma . P λ and Q λ are Lipschitz continuous for the parameter λ.
Proof By using Lemma . and Lemma ., U λ and V λ are Lipschitz continuous for the parameter λ. It follows from (.) that P λ (t) and Q λ (t) are Lipschitz continuous since T λ is Lipschitz continuous for the parameter λ. If Y is a finite-dimensional space, then S λ (κ  ) and S - λ (κ  ) are both Lipschitz continuous for the parameter λ. Equation (.) implies that the conclusion of lemma holds.
